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Abstract. We establish a version of the complex Probenius theorem in the con- 
text of a complex subbundle S of the complexified tangent bundle of a manifold, 
having minimal regularity. If the subbundle S defines the structure of a Levi-fiat 
CR-manifold, it suffices that S be Lipschitz for our results to apply. A princi- 
pal tool in the analysis is a precise version of the Newlander-Nirenberg theorem 
with parameters, for integrable almost complex structures with minimal regularity, 
which builds on previous recent work of the authors. 



Contents: 1. Introduction, 2. Real Probenius theorem for involutive Lipschitz 
bundles, 3. The pull-back of a Levi-flat CR structure, 4. The Newlander-Nirenberg 
theorem with parameters, 5. Structure of Levi-flat CR-manifolds, 6. The complex 
Probenius theorem, A. A Probenius theorem for real analytic, complex vector fields, 
B. The case of two-dimensional leaves. 



1. Introduction 

The complex Probenius theorem elucidates the structure of a complex subbundle 
S of the complexified tangent bundle CTO of a smooth manifold satisfying an 
involutivity condition, which can be stated as follows: if X and Y are (sufficiently 
regular) sections of 5, then 

(1.1) [-^5^] is a section of S, 
and 

(1.2) [X,Y] is a section of S + S. 

Here, as usual, if X = Xq + iXi and Xq, Xi are real vector fields, we write X = 
Xq — iXi , and the fiber of S over p E fl is given as 

(1.3) Sp = {u — iv : u + iv E Sp, u,v E TpVt}. 
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We also assume «S + <S is a subbundle of CTQ. 

In case S = C»So is the complexification of a subbundle »So C Tfl, the condition 
(1.1) just says Sq is involutive. (Here, S = S, and (1.2) provides no additional 
constraint.) In this case the result reduces to the real Frobenius theorem. 

An opposite extreme arises when Q has an almost complex structure, a section 
J of End Til satisfying = — / (which implies that dim ft, is even). We set 



so a section of S has the form X + iJX, for a general real vector field X. The 
condition (1.1) is that if also y is a real vector field, then [X + iJX, Y + iJY] = 
Z+iJZ for a real vector field Z. This is equivalent to the vanishing of the Nijenhuis 
tensor, defined by 



The content of the Newlander-Nirenberg theorem [NN] is that under this for- 
mal integrability hypothesis Q has local holomorphic coordinates, i.e., functions 
Wi, . . . , w/c : — C forming a coordinate system on a neighborhood O of a given 
p E such that {X + iJX)ui = for all real vector fields X. Thus Q has the 
structure of a complex manifold. In this case, S + S = CTfl, so (1.2) automatically 
holds. There are other cases, where (1.2) has a nontrivial effect, as will be seen 
below. 

The complex Frobenius theorem was established in [Ni] for C°° bundles S C CTO 
satisfying (1.1)-(1.2). A major ingredient in the proof was the Newlander-Nirenberg 
theorem, which had been established in [NN] for almost complex structures with a 
fairly high degree of smoothness. Later proofs of the Newlander-Nirenberg theorem, 
by [NW] and by [M], work for almost complex structures J of class C^~^^ with r > 0, 
i.e., when J has Holder continuous first order derivatives. In [HT] the needed 
regularity on J was reduced to J G with r > 1/2. (More general conditions 
were considered in [HT], which we will not discuss here.) The case of Lipschitz J 
found an immediate application in [LM]. 

Regarding the real Frobenius theorem, standard arguments, though frequently 
phrased in the context of smooth subbundles of TO, work for bundles. The real 
Frobenius theorem was extended in [Ha] to include Lipschitz subbundles. 

Our main goal here is to extend Nirenberg's complex Frobenius theorem to the 
setting of rough bundles <S C CTQ satisfying (1.1)-(1.2). We will assume that S 
and S + S are Lipschitz subbundles of CTO. Note that if X and Y are Lipschitz 
sections of S, then [X, Y] and [X, Y] are vector fields with L°° coefficients. For an 
important class of bundles S, namely those giving rise to Levi-fiat CR-structures 
(defined below) this regularity hypothesis will suffice. In the general case we need 
an additional hypothesis, given in (1.16) below. We mention that [Ho] established 
a version of a complex Frobenius theorem in a setting of vector fields, with 
commutators, but with a somewhat different thrust. 



(1.4) 



Sp = {u + iJu : u e TpO}, 



(1.5) 



N{X, Y) = [X, Y] - [JX, JY] + J[X, JY] + J[JX, Y]. 
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We now set up a basic strategy for obtaining such a complex Frobenius theorem, 
and indicate what extra analysis has to be done to treat the non-smooth case. It 
is convenient to begin by constructing some further subbundles of the real tangent 
bundle Til. For each p e 1), set 

Ep = {u E TpQ : u + iv E Sp, for some v e Tpfl} 

(1.6) , _ , 
= {w + w : w e Sp}, 

the fiber over p of a Lipschitz bundle S. Noting that if it, v £ TpQ and u + iv E Sp, 
then also v — iu E Sp, so v E £p, we see that 

(1.7) S + S = C£. 
Next, set 

(1.8) Vp^SpHTpQ, 

the fiber over p of a Lipschitz vector bundle V. Note that ii u,v e TpQ, 



(1.9) 



u + iv & Sp n Sp <^=^ u + iv E Sp and u — iv E Sp 
■^=Y- u E Sp and v e Sp. 



Hence 

(1.10) SnS = cv. 

The hypotheses (1.1)-(1.2) imply £ and V are involutive subbundles of TQ, i.e., 

x,y e Up(n,£) =^ [x,Y] e L°°{n,£), 
"^^■"^^^ X,Ye Up{Q,V) =^ [X,Y] e L°°{Q,V). 

On the other hand, one does not recover (1.1)-(1.2) from (1.11) alone, as our second 
example illustrates. In that example, with Sp given by (1.4), we have £ — TQ, V = 
0, and (1.11) always holds, regardless of whether N in (1.5) vanishes. To capture 
(1.1)-(1.2), an additional structure arises. 

Namely, one has a complex structure on the quotient bundle £/V, defined as 
follows. Take u e £p, so there exists v G TpO such that u + iv E Sp; in fact, v G £p. 
We propose to set Ju = v, so the element of Sp has the form u + iJu. However, the 
element v associated tou & £p is not necessarily unique. In fact, given u, v, v' G TpVL 
and M + G <Sp, we have 

(1.12) u^-iv' eSp^ i{v -v') eSp^v-v' eSpn£p = Vp. 
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In other words, given u e Sp, the residue class of Ju is well defined in Sp/Vp. 
Furthermore, if tt e Vp, one can take v = 0, so J descends from a linear map 
£p £p/Vp to 

(1.13) Jp : Sp/Vp £p/Vp, 
yielding 

(1.14) J e Lip(l],End £:/V). 

Since u+iv E Sp -x^ v — iu G Sp, we also have = —I. The integrability hypotheses 
(1.1)-(1.2) are equivalent to (1-11), coupled to an integrability hypothesis on J, 
which we describe below. 

Let us first consider the case V = 0. Then J is a complex structure on the 
involutive bundle S, and (generalizing (1.4)) we have 

(1.15) Sp = {u + iJu : u e £p}, 

or equivalently Lipschitz sections of S have the form X + iJX, where X is a Lip- 
schitz section of 8. Then the involutivity hypothesis (1.1)-(1.2) is equivalent to the 
involutivity of £ plus the vanishing of A^, given by (1.5), for X,Y E Lip(0, £). One 
says that O has the structure of a Levi-flat CR manifold. The real Frobenius theo- 
rem implies that O is foliated by leaves tangent to 8. Each such leaf then inherits an 
almost complex structure, and the Newlander-Nirenberg theorem implies each such 
leaf has local holomorphic coordinates. Briefly put, is foliated by complex man- 
ifolds. The complex Frobenius theorem in this context says a little more. Namely, 
any p Eil has a neighborhood O on which there are functions ui, . . . , Wfc, providing 
holomorphic coordinates on each leaf, intersected with C, and having some regu- 
larity on O. In the case of a C°° bundle S, [Ni] obtained such Uj e C°^{0). In the 
context of Lipschitz structures, we obtain certain Holder continuity oiuj, described 
in further detail below. A key ingredient in the analysis is a Newlander-Nirenberg 
theorem with parameters. In the smooth case this follows by the methods of [NN] , 
as noted there and used in [Ni] . We devote §4 to a consideration of families of inte- 
grable almost complex structures with minimal regularity, building on techniques 
of [M] and of [HT]. 

Wc now turn to the case V 7^ 0. In this case, we supplement the Lipschitz 
hypotheses on S and S -\- S with the following hypothesis. Say dim Vp = £ < k = 
dimSp. We assume that each p e 0, has a neighborhood on which there is a local 
Lipschitz frame field {Xi, . . . , X^} for £, such that {Xi, . . . , Xg} is a local frame 
field for V and 



(1.16) 



[X,,X,]=0, l<i,j<k. 
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This can be regarded as an hypothesis on the regularity with which V sits in £; we 
discuss it further in §6. We will show that 

(1.17) J is invariant under J-jc^^ 1 < ^ < -^j 

where J^^i ^^e flow generated by Xj. Hence we can mod out by the J^^^ ° ' ' '°'^Xe 
action, to obtain 

(1.18) n-M — >M, 

(perhaps after localizing), and on M we have a Levi-flat CR structure. Leafwise 
holomorphic functions on (open subsets of) M pull back to functions on (open 
subsets of) O, and results on their existence and regularity essentially constitute 
the complex Frobenius theorem for the bundle S. 

The rest of this paper is organized as follows. Section 2 treats the real Frobe- 
nius theorem for involutive Lipschitz bundles. We recall some results of [Ha] and 
establish some further results, regarding the regularity of the diffeomorphism con- 
structed to flatten out the leaves of the foliation. In §3 we consider Levi-flat CR 
manifolds, in the Lipschitz category, even allowing for rougher J, and examine how 
such a structure pulls back under a leaf-flattening diffeomorphism from §2, to yield 
a parametrized family of manifolds carrying integrable almost complex structures. 
This sets us up for a study of the Newlander-Nirenberg theorem with parameters, 
which we carry out in §4. 

In §5 we tie together the material of §§2-4 to obtain results on the existence and 
regularity of functions on open sets of a Lipschitz Levi-flat CR manifold O, that 
are leafwise holomorphic (functions known as CR functions). Our primary result. 
Proposition 5.1, yields CR functions ipj, 1 < j < m -|- n — A;, on a neighborhood Ui 
of a point p & Q, having the property that 

(1.19) $=(</.!,..., ^m+n-k) : t/i ^ X R--'^ 

is a homeomorphism of Ui onto an open subset, and such that, given s < 1/2, 
(pj and X^pj are Holder continuous of degree s, for any X G Lip{Ui,S). A com- 
plementary result. Proposition 5.2, shows that $ in (1.19) can be taken to be a 

diffeomorphism, provided that S, and hence £ and J, are regular of class 
for some p > 3/2. The results of [HT] extending the Newlander-Nirenberg the- 
orem to cases where the almost complex structure is merely C^/^+^ regular, and 
complementary results of §4, play an important role in the proof. We end §5 with 
a brief discussion of C^'^ submanifolds of that have the structure of Levi-flat 
CR-manifolds. The general complex Frobenius theorem is then treated in §6. 

At the end of this paper we have two appendices. Appendix A is devoted to 
a Frobenius theorem for real analytic, complex vector flelds. There are classical 
results of this nature; cf. [Ni] for some references. One motivation for us to include a 
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self contained treatment of such a result here arises from the nature of our analysis 
of the Newlander-Nirenberg theorem with parameters in §4. Following [M], we 
construct the local holomorphic coordinate chart as a composition, F = G o H . 
The map H is obtained via an implicit function theorem, the use of which enables 
us to keep track of its dependence on a parametrized family of integrable almost 
complex structures. The construction of H arranges things so that constructing 
G amounts to establishing the Newlander-Nirenberg theorem in the real analytic 
category, a task to which the material of Appendix A is applicable, and this material 
makes it clear how the factor G depends on parameters. 

Finally, Appendix B gives a special treatment of the construction of CR functions 
on a rough Levi- flat CR manifold whose leaves have real dimension 2. The classical 
method of constructing isothermal coordinates is adapted to this problem and yields 
sharper results than one obtains in the case of higher dimensional leaves via the 
methods of §4. This leads to improved results in §5 in the case of 2-dimensional 
leaves, as is noted there. 

We end this introduction with a few remarks on function spaces arising in our 
analysis. For a smoothly bounded domain U, C'^{U) denotes the space of functions 
with derivatives of order < r continuous on t/, if r is a positive integer. If r = 
/c + s, k E Z+, < s < 1, it denotes the space of functions whose fcth order 
derivatives are Holder continuous of order s. In addition, we make use of Zygmund 
spaces Cl{U), coinciding with C^{U) for r e ]R+\Z+, and having nice interpolation 
properties at r e Z+. The spaces Cl{U) are also defined for r < 0. There are a 
number of available treatments of Zygmund spaces; we mention Chapter 13, §8 of 
[T] as one source. As is usual, Lip([/) denotes the space of Lipschitz continuous 
functions, i.e., functions Holder continuous of exponent one, and C^'^iU) denotes 
the space of functions whose first order derivatives belong to Lip(t/). 



2. Real Frobenius theorem for involutive Lipschitz bundles 

Let £^ be a sub-bundle of the tangent bundle TO, of fiber dimension k. We 
assume £ is Lipschitz, in the sense that any pq & Vt has a neighborhood O on which 
there are Lipschitz vector fields Xi, . . . , spanning £ at each point. We make the 
involutivity hypothesis that [Xi,Xj\ is a section of £ at almost all points of C, or 
equivalently that there exist cf ■ e L°°{0) such that 



We want to discuss the existence and qualitative properties of the foliation of Q, 
whose leaves are tangent to £. 

We may as well assume k < n = dimQ. Suppose we have coordinates centered 
at po such that Xjipo) form the first k standard basis elements of M"^, for 1 < j < k. 



(2.1) 
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If we denote by Xj (x) the image of Xj (x) under the standard projection MV' 
we have 



(2.2) Xi{x) = J2A^Jix)^J, 



with Aij G Lip(O), Aij^po) — Sij, hence {Aij{x)) an invertible k x k matrix, with 
inverse {Bij{x)), for a; in a neighborhood of po (which we now denote O). We set 

(2.3) ^i = J2 ^J' 1 ^ ^ ^ ^• 



It follows that 

(2.4) Yi = di + Y*, Y*= J2 Dieix)de, l<i<k. 

e>k+i 

Also (2.1) implies 

(2.5) [y„y,-] = 5]4(x)y,, 

£ 

for certain cf^ e L°°{0). Comparison of (2.4) and (2.5) yields cfj = 0, so we have 
a local Lipschitz frame field for S satisfying 

(2.6) [Yi,Yj] = 0, l<ij<k. 

The key result on the existence of a foliation tangent to £ is the following result of 
[Ha]. 

Proposition 2.1. Let Yj be Lipschitz vector fields on O satisfying (2.6). For any 
compact K d O there exists 5 > such that there is a unique solution y = y{t, xq) = 
y{ti,...,tk,xo) to 

(2.7) ^ = Yj{y), l<j<k, y{0,xo)=xo, 

given xq G K, \tj\ < S. Furthermore, y{t,x) is Lipschitz in {t,x). 

In fact, this result is a special case of Corollary 4.1 of [Ha]. We make some 
further comments on it. If J^. denotes the flow generated by Yj, we see that 

(2.8) y{0,...,0,tk,x)^J^'yl{x). 
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Then 

(2.9) y(0, . . . , 0, tk-i, tk, x) = t'^;\ o T% [x), 
and inductively 

(2.10) y(ti, . . . , tfc, x) = o . . . o (x). 
The order can be changed, and we have 

(2.11) P4^ot'4^{x) = j^'4.oP4\x), 

for X & \tj\ < S. 

Conversely, once one knows that (2.11) follows from (2.6), one can prove Propo- 
sition 2.1. However, this implication is less straightforward for Lipschitz vector 
fields than it is for smooth vector fields. In connection with this, we mention the 
following analytical point, which plays a key role in the proof in [Ha]. Namely, let 
{Jg:0<£<l}bea Priedrichs moUifier and let Yi,Yj be Lipschitz vector fields 
satisfying (2.6). Then, as £ — > 0, 

(2.12) [J,Yi,J,Yj]^0, 

locally uniformly on O. Actually this is a reformulation (of a special case) of 
Proposition 5.3 of [Ha]. It is stronger and more useful than the obvious fact that 
such convergence holds weak* in L°°. What is behind it is the more general fact 
that, for any two Lipschitz vector fields X and Y on O, 

(2.13) [JsX,JsY]-Js[X,Y]^0, 
locally uniformly on O. This follows from the fact that 

(2.14) / e Lip(O), g e L^{0) =^ {Jef){Je9) - Jeifg) ^ 0, 

locally uniformly on O, and since clearly J^f ^ f locally uniformly on O this in 
turn is equivalent to the fact that 

(2.15) / e Lip(O), g e L°°{0) ^ f Je9 - Mfg) ^ 0, 

locally uniformly on O, which is a standard Friedrichs-type commutator estimate. 
We record that y{t, x) has extra regularity in t. 
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Corollary 2.2. For each j e {1,. . .,k}, 

d 

(2.16) — — y{t,x) is Lipschitz in {t,x). 

Otj 

Proof. Clearly the right side of (2.7) is Lipschitz in (t, x). 

Recall that we are in a coordinate system in which (2.4) holds, with Y^{po) = 
0, po = 0. For z close to in M"-"^ and \t\ < 5, we define 

(2.17) G{t,z)^y{t,0,z)^J^\0,z), 
where we set 

(2.18) jc-t = jrti o...oJ?^^^. 

Proposition 2.3. There is a neighborhood Uq of (0, 0) e R'^ x W^~^ and a neigh- 
borhood Ui of pq & O such that 

(2.19) G:Uo — >Ui 

is a Lipschitz homeomorphism, with Lipschitz inverse. 

Proof. We want to show that if (t, 2;) and (s,t(;) are distinct points in a small 
neighborhood of (0,0), then xi = G{t,z) and X2 = G{s,w) are not too close. Note 
that 

(2.20) J^-\xi) = (0, z), T-\x2) = w). 
Since !F~* is Lipschitz, we have 

(2.21) \^~\xi) - J^-\x2)\ < C\xi - X2\. 

Meanwhile, since the span of Yi, . . . , 1^ is transversal to {(0, z)} near (0, z) = (0, 0), 
we have 

(2.22) 1(0, z) - J^'-\0, w)\ > C(^\z -w\ + \s-t\ 
Comparing (2.20)-(2.22) yields 

(2.23) \xi-X2\>c(^\z-w\ + \s-t\^, 
as desired. 
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3. The pull-back of a Levi-flat CR structure 

In §2 we constructed a bi-Lipschitz map 

(3.1) G:Uo^Uu G{t,z)=J^\0,z), 

taking sets 2; = 2:0 to leaves of the foliation whose tangent space is the involutive 
Lipschitz bundle £ C TUi. Let us denote by £0 C TUq the pull-back of E, so £q 
is spanned by d/dtj^ 1 < j < k. Now wc take k = 2m and suppose there is a 
complex structure on J G End(£^). We pull this back to a complex structure 
e End(£o), examine its regularity, and show that if J is formally integrable then 
so is J°. 

Since Lipschitz sections of £ are given as linear combinations over Lip(t/i) of the 
vector fields Yi, . . . , Yfe, the action of J is given by 

k 

(3.2) JY, = J2Jiji^)yj- 

i=i 

We can make various hypotheses on the regularity of J. For example, we might 
assume 

(3.3) Jij e Lip(t/i), 
or we might make the weaker hypothesis 

(3.4) Jij e C^(C/i), 

for some r e (1/2, 1). In any case, the complex structure induced on Sq is given by 

j;5(t,^) = J,,(G'(t,^)). 



e Lip(t/o), 
the latter provided < r < 1. 



(3.5) 



du 



It is clear that 



(3.6) 



Jij e Lip(C/i) 
Jij e C""(C/i) 
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We next discuss integr ability conditions. One approach would be to form the 
"Nijenhuis" tensor, associated to J by 

(3.7) N{X, Y) = [X, Y] - [JX, JY] + J[X, JY] + J[JX, Y] , 

for Lipschitz sections X and Y of S. If J is Lipschitz, then (3.7) belongs to L°°(C7i). 
If J satisfies (3.4) with r > 1/2, then by Lemma 1.2 of [HT], the right side of (3.7) 
is a distribution, belonging to Cl~^{Ui). Now such a singular distribution does 
not necessarily pull back well under a bi-Lipschitz map. Instead, we will work on 
individual leaves. 

We start by defining J\fg^, associated with J°, on a leaf in (t, 2;)-space where 
z = zo is constant. We set 

(3.8) ^flix, Y) = [X, Y] - [jox, joy] + J0[X, joy] + J0[J0X, Y], 

where X and Y are linear combinations of d/dU, 1 < i < k, and — J^{t, zq). For 
each fixed zq, this defines an element of L°°(Co) if is Lipschitz and an element 
of CT^(Co) if (3.4) holds, with r e (1/2, 1). Here Oo = {teR'' : \t\ < S}. As we 
have seen, for each zq close to 0, Gz„{t) = G{t, zq) yields a C-'^'-'^-diffeomorphism of 
Co onto a neighborhood of xq = G(0, zq) in the leaf through xq. In light of this, 
the following is useful. 

Proposition 3.1. Assume (p : Oq ^ Oi is a C^'^ -dijfeomorphism between open 
sets in M'^. Then the pull-back 

(3.9) (^*:Lip(C»i)^Lip(e»o), ^* f (x) = f (ifix)) 
extends to 

(3.10) ifi* : H''P{Oi) — > H'^P{Oo), 

for each s e [—1, 1], p e (1, oo). Furthermore, for each r e (0, 1), 

(3.11) V* :c:-\oi)^c:-\oo). 

Proof. The result (3.10) is easy for s = 0, 1, and follows by interpolation for s e 
(0, 1). Now suppose s e [—1, 0). We have, for compactly supported u, 



{u, (p*v) = I u{x)v{(p{x)) dx 

(3.12) 

= u{(p ^{x))v{x) \detD(p ^{x)\dx. 
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We have \det D(f ^\ e Lip(Oi), hence (by the case already treated) u e H"^''^ =^ 
{u o (p)\detD(p-'^\ e H^'i, for a e [0,1],? e (l,oo). Thus by duahty we have 
V e H'^'P =^ ip*v e H'^'P, for s e [-1,0), p G (l,oo), as desired. Next, note that 
if G Lip((9i) and X is a Lipschitz vector field on Oi, then ip transforms X to a 
Lipschitz vector field X on Oq and 



as elements of L°°(Co). Now if £^ G C^(Ci), we have (p^g G C"^(Co) and then 
X^*^ G Cr^(Co), which yields (3.11). 

Remark. More generally, if (/? is a diffeomorphism of class C^"*"^, r G (0, 1), then 
(3.13) holds with X a C^-vector field. Also, by Lemma 1.2 of [HT], 



so (3.11) still holds, as long as r > 1/2. 



4. The Newlander-Nirenberg theorem with parameters 

The Newlander-Nirenberg theorem provides local holomorphic coordinates on a 
manifold Q with an almost complex structure satisfying the formal integrability 
condition that its Nijenhuis tensor vanishes. In the setting of a relatively smooth 
almost complex structure J the smooth dependence of such coordinate functions 
on J was noted in [NN] and played a role in [Ni]. Here we aim to examine the 
dependence of such coordinates on J, in appropriate function spaces, in the context 
of the lower regularity hypotheses made here. Verifying this regularity will involve 
giving a review of the method of construction of holomorphic coordinates introduced 
in [M] , with modifications as in [HT] to handle the still weaker regularity hypotheses 
made here. 

Given po G Q, take coordinates x = {xi, . . . , X2m), centered at po, with respect 
to which 



(3.13) 



^*(X^) = X^*^, 



(3.14) 




(4.1) 



J{po) 



d d 



J{po) 



d 



d 



dxj dxj 



dxn 



dxj' 



1 < j < m. 



'j+m 



'j+m 



The condition for a function /, defined near po, to be holomorphic, is that / be 
annihilated by the vector fields 
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and in light of (4.1) we have J{d/dxj) = d/dxjj^rn + Yld=i ^ji^/^^t with Cj^(O) 
(po = 0). Setting yj = Xjjf.m, d/dzj = {l/2){d/dxj — id/dyj), d/dzj 
{l/2){d/dxj + id/dyj), we can write these complex vector fields as 



m. 



Next, by a device similar to that used in (2.2)-(2.4), we can take linear combinations 
of these vector fields to obtain 



d d 

(4.4) z, = — -Y,o,.-, l<j<m. 



If J is of class C"~, then the coefficients in (4.3) and (4.4) are also of class . 

The formal integrability condition is that the Lie brackets [Xj , Xi] are all linear 
combinations of Xi, . . . , Xm- If J G C^, then [Xj, X^] is a linear combination with 
continuous coefficients. If J e with r > 1/2, then the Lie brackets are still 
well defined, and the coefficients are distributions of class C^~^. In such a case, 
it follows that the brackets [Zj, Zi] are linear combinations of Zi, . . . , Z^, which 
forces 

(4.5) [Zj,Zi] = 0, l<j,e<m. 

It is convenient to use matrix notation. Set Aj = (a^i, . . . , ajm) (a row vector), 
A = (ttji), F = (/i, . . . , fm) (a row vector), and d/dz = {d/dzi,..., d/dzmY (a 
column vector). The condition that fi,...,fm be J-holomorphic is that 

and the formal integrability condition (4.5) is 

dAj , dAe dAe ^ dA. , ^ . , ^ 

The proof of the Newlander-Nirenberg theorem consists of the construction of F, 
mapping a neighborhood of pq in Q diffeomorphically onto a neighborhood of in 
C^, and solving (4.6). 

Malgrange's method constructs F as a composition 



(4.8) 



F = GoH. 
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Different techniques are applied to construct the diffeomorphisms G and H. We 
run through these constructions, paying particular attention to the dependence on 
the matrix A. The Cauchy-Riemann equations (4.6) transform to 

^ dG ^dG 

(4-9) ^ = B—, 



for C = H{z), where B is given by 



dH dH 



(4.10) — + ^{B oH)=A — + ^{B o H) 



dz dz 



dH dH 



dz dz 



or equivalently 

/...N o rr f9H ^dH\-^fdH dH\ 

The formal integrability condition (4.7) implies the corresponding formal integra- 
bility of the new Cauchy-Riemann equations, i.e., 

-.^x dBi „ dBi dBg „ dB. 

where Bj are the rows of S, 1 < j < m. Furthermore, if B satisfies (4.11), then 
the actual integrability, i.e., the existence of a diffeomorphism G satisfying (4.9), is 
equivalent to the actual integrability of J, i.e., the existence of a diffeomorphism F 
satisfying (4.6). 

A key idea of [M] to guarantee the existence of a diffeomorphism G satisfying 
(4.9) is to construct H in such a fashion that if B is defined by (4.11) then 

Equivalently, the task is to construct a diffeomorphism H on a neighborhood U of 
Po = in C"^ such that, if B is defined by (4.11), then (4.13) holds. It is convenient 
to dilate the ^-variable, so that A{z) in (4.11) is replaced by At{z) = A{tz), and 
we solve on the unit ball, which we denote U, for sufficiently small positive t. Note 
that if ^ e and ^(0) = 0, then ^ as t ^ 0. If we relabel At as A, 

we want to establish the following variant of Lemma 3.2 of [HT]. To state it, let us 
set 

(4.14) A^iv) = {a e cm : A{0) = 0, < ry}. 
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Proposition 4.1. Assume r > 1/2. Given s,S > 0, there exists ri > such that 
for any A e A^{rj) one can find 

(4.15) H e Cl+^{U), 
satisfying 

(4.16) H{0) = 0, \\H - < S, 

and such that B G CliU), defined by (4-11), satisfies (4-13), and ||-B||loo([/) < e. 
Furthermore, H is obtained as a map 

(4.17) A'{r^)^Cl+'{U), A^H, 
Proof. Let us set 

(4.18) HH,A) = E=-{--A-) {-gr-A-). 

Then $ is a map 

(4.19) $ : B^+i(5) X X(l) — >C"'(C7), 
where A^{ini) is as in (4.14) and 

(4.20) B^+\5) = {if e Cl+^(U) : H(Q) = 0, - id||^i+.(^) < d]. 
\i B o H = $(iy, A), an apphcation of the chain rule gives 



K = H- 



Using the identity 

(4.22) {DK) o H{z) = DH{z)-^ 

of real (2m) x (2m) matrices, one can express {dK/dQ) o H and {pK/dQj) o H in 
terms of the z- and ;z-derivatives of H and H. It follows from Lemma 1.2 of [HT] 
(extended to function spaces on bounded domains) that 

(4.23) *(^'^) = E °^ 
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defines a map 

(4.24) * : B''+\5) X X(l) Cl-\U). 

In fact H I— > \E'(i/, A) is given by a nonUnear second order differential operator: 

(4.25) ^(H.A) = ^aj{yH)djhj{A,WH), 

3 

where aj and hj are smooth in their arguments. We note that if 

(4.26) H{z) = z + eh{z), 
then 

(4.27) $(iy,0) = -£|^+O(£2), 
and (for ^ = 0) 

Hence 

(4.29) *(id,0) = 0, 
and 

(4.30) z.„*(id,0)/> = -^^ = -lA/.. 

The map (4.30) has a right inverse 

(4.31) Gh = -4{Gh - Gh{0)), 
where G denotes the solution operator to 

(4.32) Av^h on U, = 0, 
which has the mapping property 

(4.33) G:C:-\U)^C:+\U), 
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valid for r > 0. From here, Proposition 4.1 follows from the Implicit Function 
Theorem. 

If ^ e A^{ri) satisfies the formal integrability condition (4.7) and we construct 
H according to Proposition 4.1, defining B by (4.11), then B satisfies both (4.12) 
and (4.13). This is an overdetermined elliptic system (if e is small enough), which 
we will write as 

(4.34) J2 ^oc{B)d''B = 0. 



The a priori regularity we have on B from (4.11) is 

(4.35) BoH eCiU), hence B e C^(0), 

where O C H~^{U). As shown in Lemma 4.1 of [HT], having this a priori informa- 
tion with r > 1/2 allows us to obtain 

(4.36) B e Ci^,(0), 
for each N < oo. Then classical results yield 

(4.37) |a"S(C)| < Cl"l+^a!, ( e O'' CC O, C = C{0''). 

Once we have this (as [M] noted), producing a diffeomorphism G such that (4.9) 
holds, which amounts to proving the Newlander-Nirenberg theorem in the real 
analytic setting, is amenable to classical techniques for solving real analytic systems 
of partial differential equations. A self contained treatment of a complex Frobenius 
theorem in the real analytic category, which will produce such a construction, is 
presented in Appendix A of this paper. 

Having described how to obtain the holomorphic coordinate system (4.8), we 
want to examine how it depends on A. So we pick 

(4.38) Ai,A2eA''iv), 

with r > 1/2 and i] > sufficiently small, and turn to the task of estimating, in 
turn (with obvious notation). Hi — H2, Bi — B2, Gi — G2, and then Fi — F2, in 
terms of Ai — A2. The assertion from Proposition 4.1 that the map (4.17) is 
leads immediately to our first estimate: 

(4.39) \\Hi - H2\\ci+r^jj^ < C\\Ai - A2\\cr^jjy 
We also have a map 



(4.40) 



A''{v)^C:{U), A^B^BoH, 
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in light of the formula (4.11). Hence 

(4.41) \\B, - B2|lc.(rf) < Cll^i - ^2|lc.(tf)- 

Now Bj = BjoKj with = HJ^ . While A^HisC^ from A''{rj) to Q+^I/), 
one has that K = is a continuous map from A^{rf) to Cl'^^{0) and a 
map to C^O), where O is a neighborhood of containing H~^{U) for all H as in 
(4.16). Consequently 

(4.42) - K^Wcr^o) < C\\Al - A2\\cr(^y < C. 

Let us write 

(4.43) Bi-B2 = B10K1-B20K1 + B20K1-B20 K2. 
We have 

(4.44) \\BioK^-B2oKi\\c,^^^<C\\Bi-B2\\cr(u)\\Ki\\c^(py < r < 1, 
and 

(4.45) \\B2 oK^-B20 K2\\l^^^) < 11^211^.(^7)11^1 " K^\\l^(oy < ^ < 1- 
Putting together (4.43)-(4.45), using the estimates (4.41)-(4.42), we obtain 

(4.46) \\B, - i?2||^oo(o) < C{\\A2\\c,^jj^)\\A, - ^sH^.^^^, \<p,s<l. 

(It is convenient to replace r by p in our use of (4.45) and to replace r by s in 
our use of (4.42) and (4.44). Typically we will want to take p as large as possible 
and s as small as possible.) The estimate (4.46) is a relatively weak estimate, a 
consequence of the rather rough dependence oi B o K on K. Fortunately, (4.46) 
can be improved substantially via use of the fact that Bi and B2 both satisfy the 
elliptic system (4.34). Hence V — Bi — B2 solves 

(4.47) = E [««(^2) - a«(5i)] a"S2. 

|a|=l |a| = l 

In fact, as one sees from (4.12)-(4.13), aa{B) = + M^B, with a linear map, 
and hence V solves the linear elliptic system (with real analytic coefficients) 

(4.48) Yl ^ (^"^2) M^V = 0. 

|a| = l |a| = l 
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The estimates (4.37) hold for Bi and S2. Local elliptic regularity results yield 

(4.49) |a«(Si(C) - 52(0) I < Cl'^l+ia! - B^W^^^oy C ^ CC O. 
Then the method of solving (4.9) covered in Appendix A gives 

(4.50) |a"(Gi(C)-G'2(C))| <CN+^a!||Si-S2||^..(^)' C e C?'- 
Now, with Fj — Gj o Hj , we can set 

(4.51) Fi- F2 = GioHi-G2oHi + G2oHi-G20 H2. 

Under the bounds on Hj in (7^+^ and on Gj in produced above, we have, 
for ecu, re (1/2,1), 

o Hi — G2 o Hi\\(ji+r(ub) < C||Gi — G2 II ci+^ 

< C\\Bi - ±J2||i,oc(o)' 

and 

IIG2 O Hi — G2 o H2\\ci+r{U'') < C'IIG'2 ||c3(C>f') ll-f^l ~ -f^2||(7i+r.(j7-) 

^^■^^^ <C\\Al-A2\\cr^Jjy 

Hence 

. . 11^1 - ^2||ci+-(C/f) < C'(l|5l - 52||^^(^) + ||Ai - ^211^.(^7)) 

< C(||A2||^,(^))||Ai - A2||^,(-^ + C\\Ai - A2\\c.^jjy 



given 1/2 < r, s,p < 1. For the last inequality, we have used (4.46). As in that 
estimate, we typically want to take p as large as possible and s as small as possible. 



5. Structure of Levi-flat CR-manifolds 

In this section we assume 5 is a Lipschitz subbundle of CTfi, satisfying 
(5.1) SpnSp = 0, Vpea 

Hence Sp + Sp has constant dimension (say k), and so does Sp, defined by (1.6). It 
follows that S and S + S are Lipschitz vector bundles, and of course V = 0. The 
bundle £ C TQ gets a complex structure 



(5.2) 



J e Lip(n,End£), 
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and 

(5.3) Sp = {u + iJu : u e £p}. 

We make the involutivity hypotheses (1.1)-(1.2). As explained in the introduction, 
this is equivalent to the hypothesis that £ is involutive plus the hypothesis that the 
Nijenhuis tensor of J vanishes. A manifold Q, with such a structure J) is said 
to be a Levi-fiat CR-manifold. 

In this setting, a function / on an open set C C is called a CR function 
provided 

(5.4) Zf = Q on O, V Z e Lip(0, 5), 
or equivalently 

(5.5) Xf + i{JX)f = on O, y X eUp{0,S). 

Given the regularity of X and Z, we see that Zf is a well defined distribution for 
any / e Lf^^{0). Our goal here is to construct a rich class of CR functions / having 
the regularity 

(5.6) f,XfeC%0), VXeLip(0,£), 

given s < 1/2. In fact / and Xf will have further regularity along the leaves of the 
foliation tangent to as will be explained below. 

To begin the construction of such CR functions, we implement the results of 
§§2-3. For any p e fi, there are a neighborhood Ui of p, a neighborhood Uq of 
e (n = dimfi) and a bi-Lipschitz map Q : Uq ^ Ui, pulling E back to 
the bundle £^ spanned by d/dti, . . .d/dtk^ where in Uq C 

^fe X M"-'^ we have 

coordinates {t, z) = (ti, . . . , 2:1, . . . , Zn^k)- Furthermore, Lipschitz sections of S 
are transformed to Lipschitz vector fields on Uq, and J is transformed to 

(5.7) Jo eUp(Uo,EndS*). 

We may as well assume Uq — Uq x Uq , where Uq is a neighborhood of e 
and Uq a neighborhood of G R"'"'^. Then Jq = Jo{z) is effectively a family of 
integrable almost complex structures on Uq, parametrized by 2; e Uq. Of course k 
is even; say k = 2m. 

Now we can apply the results of §4. We construct holomorphic functions F = 
(/i, . . . , fm) on Uq, depending on ^ as a parameter, say F — Fg : Uq ^ C"^, z G Uq . 
(Note that z has a different role here than in §4; this should not cause confusion.) 
We construct F^ as a composition: 



(5.8) 



F,{t) = G,{H,(t)). 
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The family of diffeomorphisms is constructed in Proposition 4.1, via an implicit 
function theorem. Perhaps after shrinking U'q and t/g , we have G C^'^'^{Uq) for 
each z e Uq, given r < 1, and 

\\Hz — -f^a' ||ci+'^(C/(',) < C'll^z — ^2'||C2(C/^) 
<C|^-^f-^ 

if 1/2 < r < 1. Here we have used 

(5.10) 11^1 - A^Wcr < C\\A^ - ^2||UPi - ^2||Lp, < r < 1. 

As explained in §4, the construction of Gz follows from the real-analytic version 
of the Newlander-Nirenberg theorem, a presentation of which is given here, in 
Appendix A. Then we obtain = GgO H^, and, by (4.54), with Uq CC Uq, 

(5.11) \\Fz-Fz'\\(ji+r-(^ub^ < C{\\Az>\\cp{ui^))\\Az-Az'\\'^,^^^^+C\\Ag-Az>\\cr(^ui,), 

given 1/2 < r,s,p < 1. Here we pick p = 1 — e, s = 1/2 + e, and use (5.10) to 
obtain 

\\Fg — Fg/ \ \c'''+'^{u^) ^ C\z — z'\^l'^ ^ -\- C\z — z'\^ ^ 

^^■"^^^ <ck--^T-^ 

given r G (1/2, 1), and taking s (hence 5) sufficiently small. 

The functions fj{t, z) given by Fz{t) — {fi{t, z), . . . , fmit, z)) are CR functions 
on Uq. In addition, the functions (^^(t, z) = Zj., ^ < j < n — k, are CR functions on 
Uq. Then 

(5.13) $(t, z) = (/i(t, z),..., fm{t, Z), Zi,..., Zn-k) 

gives a Holder continuous homeomorphism oi Uq (possibly shrunken some more) 
onto an open subset of x R"^"'^. We compose with to get associated CR 
functions on C/i C il. Let us formally record the result. 

Proposition 5.1. Given Vl with a Lipschitz, Levi- flat CR structure, p & Q, there 
exists a neighborhood U\ of p and a homeomorphism 

(5.14) $ : C/i — ^ C C"' X R"-^ 

whose components are CR functions (fi, . . . , (prn+n-k on Ui. We have 

(5.15) ifj, Xipj e C"(f/i), V X e Lip(f/i,£), 
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for any s < 1/2. Furthermore, ^ is a C^'^'^ -embedding of each leaf in Ui, tangent 
to E, into C"^ X W^-^, for each r < 1. 

Remark. Note that if '0 is a smooth function on a neighborhood of the range of $ 
in C"^ X M""'^ and if i/^ is holomorphic in the C"*-variables, then ■ ■ • Vm+n-k) 

is a CR function on f/i. 

If dim<Sp = 1, so = 2 and the leaves tangent to E are 2-dimensional, then we 
can use the results of Appendix B in place of those of §4. Consequently we can 
improve the regularity result (5.15) to 

(5.16) l^jix) - vjix% \X^jix) - X^j{x')\ < Ca*i\x - x'\), 
where, given a > 0, 

(5.17) a*{6)^5(log^y^\ 
for < 5 < 1. 

We now give a sufficient condition for the existence of a CR embedding $ as in 
(5.14) that is a diffeomorphism. 

Proposition 5.2. Assume Q is a Levi-fiat CR manifold with a CR structure reg- 
ular of class , with p > 3/2. Then the map $ in (5.14) can be taken to be a 
diffeomorphism. 

Proof. The new regularity hypothesis is that 5 is a C bundle. Thus £ and J 
are regular of class C^, and these structures pull back to C structures under the 
map Q, which is a diffeomorphism. In particular, A{t, z) is a function of z 
with values in C^{Uq), with s = p — l>l/2. Thus the implicit function theorem 
argument of Proposition 4.1 yields Hz, a function of z with values in C^+*. 
From here, one obtains dependence of on z and the result follows. 

Note that if the leaves tangent to £ are 2-dimensional, we can obtain the con- 
clusion of Proposition 5.2 whenever p > 1, again using the results of Appendix B 
in place of those of §4. 

Remarks on the embedded case. Suppose Q, c is a C^'^ submanifold, of 
real dimension d, and that TpQ, fl JTpQ, = £p has constant real dimension k = 2m, 
so Q, has the structure of a CR-manifold. The vector bundle £ C TQ is a Lipschitz 
vector bundle, and the condition that £ be involutive is equivalent to the condition 
that O is a Levi-fiat CR-manifold. In such a case, the results of §2 imply that $7 is 
foliated by manifolds, of real dimension /c, tangent to and smooth of class C^'^. 

In this case one does not need the Newlander-Nirenberg theorem (or a refine- 
ment) to establish that these leaves are complex manifolds. Rather methods going 
back to Levi-Civita [LC], and developed further in [Som], [Fr], and [Pin] suffice. 
Levi-Civita's result for a single leaf is: 
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Proposition 5.3. If M is a submanifold of C and each tangent space TpM 
is J -invariant, then M is a complex manifold. 

Proof. Fix p E M, and represent M near p as the graph over the complex vector 
space V — TpM] so one has a diffeomorphism G : O ^ M where (9 is a 
neighborhood of E V. It is readily verified that DG{q) is C-linear for q E O, so 
G : O ^ is holomorphic. 

In the setting above, we have a family Mz of leaves, depending in a Lipschitz 
fashion of z eU C M^, where d — £ + k. Given p E say p G M^^, pick V = TpM^^, 
and for z close to zq we have Mg locally a graph over O CV. The comments above 
give local holomorphic diffeomorphisms : C — > Mg C C"^. This construction, as 
we have said, is essentially classical. The one point to make here is that we have the 
Frobenius theory of [Ha], so we are able to treat submanifolds of class C^'^ while 
previous treatments take Q to be of class C^. In connection with this, we note that 
Theorem 2.1 of [Pin] refers to CR- manifolds in of class C"^, with m > 1, but a 
perusal of the proof shows that the author means to say the relevant tangent spaces 
are smooth of class C"*, which holds if f2 C C"^ is a submanifold of class (7™+^ 
(satisfying the CR property). 



6. The complex Frobenius theorem 

We recall our set-up. Wc have a Lipschitz bundle S C CTfl, we assume S + S 
is also a Lipschitz bundle, and we assume that 

(6.1) X,Y eUp{i},S) ^[x,Y]e L°°(n,S), [X,Y]e L°°{S + S). 
We then form the Lipschitz bundles V C £ C Til, with fibers 

(6.2) Vp = «Sp n Tpfl, Sp = {w + w:w e «Sp}, 
which therefore satisfy 

X,Y e Lip(0, S) ^ [X, Y] G (O, S) , 
^^■^^ X,Y e Lip(0, V) ^ [X, Y] e L°°(n, V). 

Furthermore, we have a complex structure on S/V, 

(6.4) J e Lip(ll,End£/V), 
satisfying 

(6.5) J(tt mod V) = V mod V, u + iv&Sp. 

Our proximate goal is to construct a Levi-fiat CR manifold as a quotient (locally) 
of Q, via the action of a local group of flows generated by sections of V. In order 
to achieve this, we need a further hypothesis on the regularity with which V sits in 
S. One way to put it is the following. Say dimVp = £ <k = dim^^. 
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Hypothesis V. Each p & Q has a neighborhood Ui on which there is a local 
Lipschitz frame field {Xi, . . . , X^} for £, such that {Xi, . . . , X^} is a local frame 
field for V and 

(6.6) [Xi,Xj]=0, l<i,3<k. 



Later we will give other conditions that imply Hypothesis V, but for now we 
show how it leads to the desired quotient space. 

With respect to such a local frame field, for a; e t/i we can identify 8x/Vx with 
the linear span of X^+i (x), . . . , X]^{x)^ and we can represent J hy Q.{k — t}x{k — t} 
matrix: 

k 

(6.7) JXj= ^ Jjm{x)XmriiodVx, £+l<j<k. 

m=£+l 

Note that if Yj e Up{Ui,S) and Xj + iYj e Up{Ui,S), so Yj = JXj modV, we 
have 

[Xi,Xj + iYj]^i[Xi,Yj]eL^{n,s)niL^{n,s) 

^^•^^ CiL-(n,V), 

for 1 < z < £, £ + l<j<k,hy (6.1) and (6.6). Taking Yj to be the sum in (6.7), 
and noting that 



k k 

rm 



(6.9) Xi, JjmXm — ^ {XiJjm)X. 

m=e+i m=e+i 



again by (6.6), we deduce that (6.9) actually vanishes, and hence 

(6.10) XiJjm = 0, l<i<£, e+l<j,m<k. 
In a fashion parallel to (2.17) and (3.1), we set 

(6.11) G{t,z)=J^\0,z), P = T%o...oT% 

with as in Hypothesis V. By Proposition 2.3, G : Uq ^ U\ \s, bi- 

Lipschitz map from a neighborhood Uq of (0, 0) e M'^ x 'W^~^ to a neighborhood 
C/i of 7? e n. We denote by Vo C TUq the pull back of V, by Eq C TUq the pull 
back of and by Sq C CTUq the pull back of S. Note that Vo is spanned by 
d/dtj, I < j < £ and Sq by d/dtj, 1 < j < k. The quotient bundle Sq/Vq is 
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isomorphic to the span of d/dtj for £ + 1 < j < /c, and the complex structure J on 
£/V pulls back to J°, given by 

(6.12) joA^ jO^(^t,z)^, jf^{t,z) = J^m{G{t,z)), i+l<j<k. 
The result (6.10) is equivalent to 

(6.13) ■^J^^it,z) = 0, l<i<e, e + l<j,m<k, 
so we can write 

(6.14) Jjm = Jjmi^",^). t" ^{U+u---,tu). 

At this point it is natural to form the quotient space Uq = Uq/ ~, where we use 
the equivalence relation 

(6.15) (t, z) ~ (s, z) <(=^> (t^+i, . . . , tfc) = (s£+i, . . . , Sk). 

In other words, Uq is a neighborhood of (0, 0) e x M"^"'^, with coordinates 

(6.16) (^^+1, • ■ ■ ,tk,Zi, . . . , Zn-k)- 

Note that C/i fibers over Uq, via 

(6.17) TT = P o : t/i — >Uo, 

where P{ti, . . . ,tk) — (t^+i, ■ ■ • , tfc)- We will display a Levi-fiat CR structure on 
Uq, with £o the span of d/dtj, £ + I < j < k and 

(6.18) ^°^= E ^U*",-)^. 

To see this, note that a vector field of the form 

(6.19) +ijO £+l<j<k, 

Otj Otj 

can be regarded as a vector field on either Uq or Uq. In the latter guise it is 
a Lipschitz section of Sq. The involutivity condition (6.1) has a counterpart for 
(So, which implies that the Nijenhuis tensor of J° vanishes, so Uq has a Levi-fiat 
CR structure, associated with Sq, the span of vectors of the form (6.19). This 
establishes the main result of this section, which we state formally. 
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Proposition 6.1. Assume S and S+S are Lipschitz subbundles ofCTQ, satisfying 
the involutivity condition (6.1) and also Hypothesis V. Then each p & Q has a 
neighborhood Ui and a Lipschitz fibration it : Ui ^ Uq onto a Levi-flat CR manifold, 
associated to a Lipschitz subbundle Sq C CTUq, such that 



(6.20) 



Uo 



We show that additional regularity conditions on V and S imply Hypothesis V. 

Proposition 6.2. Assume each p E Q has a neighborhood on which there is a 
frame field {Wi, . . . , Wk} for £ , of class C^'^, such that {Wi, . . . , Wi} is a local 
frame field for V. Then Hypothesis V holds. 

Proof. We begin with a construction parallel to (2.2)-(2.6), obtaining a local C^'^ 
frame field {Yi^ . . . ,Yk} for £ such that = for 1 < z,j < k (though 

{Yi, . . . , Yi} might not be a local frame field for V). As in (2.17)-(2.18), construct 
a diffeomorphism G, of class C^'^, via which Yj are transformed to d/dtj, 1 < j < k, 
and note that Wj are transformed to C^'^ vector fields Vj = Yli^iVji{t, z) d/dti. 
Now produce a C^'^ diffeomorphism H that straightens appropriate linear combi- 
nations of 14, . . . , to d/dsi, . . . , d/ds£, while each d/dsj {1 < j < k) is a linear 
combination of d/dti, . . . , d/dtk- Then transform d/dsj via {H o G)~^, to obtain 
the Lipschitz vector fields Xj of Hypothesis V. 



A. A Frobenius theorem for real analytic, complex vector fields 

Let Xi, . . . , Xm be real analytic, complex vector fields on an open set O cW^. 
We assume 

(A.l) [Xk,Xe]=0, l<k,e<m. 

We want to obtain conditions under which we can find real analytic solutions u to 

(A.2) XkU = 0, l<k<m, 

on a neighborhood of a given point p E O. We proceed as follows. Say 

(A.3) Xfc = ^afcj(a;) — . 

j ^ 

On a neighborhood of p in C"^ set 

d 

(A.4) Zk = Y,akj{z)—, 

3 ■' 
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with akj{z) holomorphic extensions of akj{x). Solving (A. 2) is equivalent to finding 
a holomorphic solution u to 

(A.5) ZkU = 0, l<k<m, 

on a neighborhood of p in C". Note that (A.l) implies 
(A.6) [Zk, Zi]^0, l<k,£< m. 

Our next step involves passing to real vector fields on C C"^ M^". Generally, 

if 

d 



(A.7) Z = J2aj{z) 



dzj 

3 ■' 



set 

(A.8) a^{z) = f^{z)^ig^{z), 

with /j and gj real valued, and then set 

(A.9) *(^) = ^ = E(/.a^+^. ^ 



If Z is a holomorphic vector field, i.e., if (A.7) holds with aj{z) holomorphic, we 
say Y = ^Z is a real-holomorphic vector field. Our first lemma holds whether or 
not the coefficients of Z are holomorphic. 

Lemma A.l. If aj G C{fl) in (A.6) and Y ^ ^{Z), then 
(A. 10) u holomorphic =^ Zu = Yu. 

The proof is a straightforward calculation, making use of 

du du 1 du 



(A.ll) 



dzj dxj i dyj 



The following is special to holomorphic vector fields, namely that $ preserves 
the Lie bracket when applied to such vector fields. 
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Lemma A. 2. // also W = bj{z) d/dzj, then 

(A. 12) aj, bj holomorphic ^ W] = [$Z, ^W]. 

Again the proof is a straightforward (though shghtly tedious) calculation. 
It follows that if Xf. and Zj^ are as in (A.3)-(A.4), and if 

(A.13) Yfe = = ^ (^fkj + 9k3 ^) , fkj = Re a^j, Qkj = ^fci, 
then 

(A.14) \Xk, X^] = ^ \Zk, Z^] = ^ [Yfe, F^] = 0, \<Ki< m. 

The complex structure on produces a complex structure on the space of real 
vector fields on defined by 

(A.15) = « 



Note that if Z has the form (A. 7), then 

(A.16) ^(iZ) = J^{Z). 

In particular, if Ife are as in (A.13), 

(A.17) [Ffc, JYi] = = [JYk, JYe], l<kj<m. 

One advantage of using the real vector fields Yk on O is that they generate local 
fiows jFy^ on Q. In this context, the following results are very useful. 

Suppose y is a real- holomorphic vector field on fl. It follows from (A.16) that 
so is JY, and Y and JY commute. Thus so do the local fiows J-'p and J-^jy The 
following gives important information on how these fiows fit together. 

Proposition A. 3. If Y is a real-holomorphic vector field on Q, then, for each 

z efi, 

(A. 18) ^Y^jvi^) is holomorphic in s + it. 

Proof. Denote the 2-parameter orbit in (A. 18) by (p{s,t). By commutativity we 
also have 

(A.19) if{s,t) ^ J^'jyJ^Piz). 
It follows that 

(A.20) ^=Yi^is,t)), ^ = JYi^is,t)), 

and hence dip/dt = J dip/ds, which gives the asserted holomorphicity. 
The following is an important complement. 
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Proposition A. 4. If Y is a real-holomorphic vector field on Q, then is a local 
group of holomorphic maps. 

Proof. The claim is equivalent to the assertion that 
(A.21) r^^oJ=JoT^^, 

where, given a diffeomorphism F, F# is the induced operator on vector fields. One 
has 

(A.22) = 

cf. (8.3) in Chapter I of [T]. Hence 

(A.23) ^ (^T^^ oj -Jo W ^ ^^[Y, JW] - J[F, W]. 

If y = with Z a holomorphic vector field, as in (A.7)-(A.9), then a calculation 
using 

(A.24) ^ _ ^ ^ 

dxe, dye' dye dxe' 

shows that, for any vector field W, 

(A.25) [Y, JW] - J[Y, W] = 0, 

so the quantity (A.23) vanishes. More generally, 

(A.26) Jt^^^*°'^-'^° ^ = "^^^ " ^] 

= {J^'y^oJ-JoJ^l.^)[Y,Wi 

the latter identity by (A.25). An iteration gives 

(A.27) {^)'(^y# °J-J° ^Y#)W ^{Py^oJ-Jo Py^){li'yW\ 

where LyW = [Y, W]. In particular, for all £eZ+, 

(A.28) (|)'(^^# ° ^ - ^ ° ^hWl^o = 0- 

In the current context, J-'y and all its derived quantities are real analytic in t (as a 
consequence of Proposition A. 3), so (A.21) follows from (A.28). 
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We proceed to find solutions to (A. 2), under appropriate hypotheses. For nota- 
tional simphcity, assume p is the origin; p = e C C". Suppose 

(A. 29) V is a hnear subspace of R"^, of dimension n — m, 

and let 

(A. 30) V be the complexification of V, 

so V is a complex subspace of C"^, of complex dimension n—m (hence real dimension 
2n — 2m). Let v be a real analytic function on a neighborhood W of in V, extended 
to a holomorphic function on a neighborhood W of in V. We assume 

(A. 31) {Yfc, JYfc ■ 1 < k < m} is transverse to V, 

onU. In particular, 

(A.32) = R-linear span of V and {^(0), Jn(0) :l<k<m}. 

Conversely, if (A.32) holds, then (A. 31) holds, possibly with U shrunken. In such 
a case, we can set 

(A.33) u{0^v{z), iov zeu, C = :f^IJ'%,---J'yZ^jyJz): 

and see that u is holomorphic on a neighborhood of in C"^ and solves 

(A.34) YkU = JYkU = 0, l<k <m. 

Hence, by Lemma A.l, (A. 5) holds, hence, possibly shrinking U, we have 

(A. 35) XkU = 0, 1 < /c < m, = v. 

A classic example to which this construction applies arises in the real analytic 
case of the Newlander-Nirenberg theorem. In this setting, one has n = 2m and 
takes = Xj + ixj+rm 1 < J < 't^) and 

Q m Q 

(A.36) Xu = ^-y^hM{x)—, l<k<m, 6^(0) = 0. 

These vector fields arise from an almost complex structure Jq on O cW^, and the 
integrability condition is that they commute, i.e., that (A.l) holds. Then a function 
w on O is holomorphic with respect to this almost complex structure if and only if 
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(A. 2) holds, and the theorem is that if (A.l) holds then there are m such functions 
forming a local coordinate system, in a neighborhood of 0. In this case we have 

(A.37) Xfe(0) = -£- = i^ + --^, l<k<m, 

^ ^ ^ ^ 94 '^dxk 2dxm+k - - 

hence 

(A.38) Zk{0) = l^+' ^ 



2 dzk 2 dzm+k ' 



so 



2 dxk 2 dvm+k ' 



and 



Id Id 
(A.40) jYkiO)^-- 



2 dyk 2 dxm+k 
Let us take for V C the space 

(A.41) F = e R" : Xm+l = --- = X2m = 0}, 

so 

(A.42) V ={x + iy : Xm+l = ■■■ = X2m = Vm+l = ■■■ = y2m = 0}, 

which is spanned over M by 

It is clear that if Yk{0) and JFfc(O) are given by (A.39)-(A.40), then (A.32) holds, 
so we have solutions to (A. 35) in this case, for some neighborhood W of in V, and 
arbitrary real analytic v on U. This provides enough Jo-holomorphic functions on 
a neighborhood of in R"^ to yield a coordinate system. In this fashion the real 
analytic case of the Newlander-Nirenberg theorem is proven. 



B. The case of two-dimensional leaves 

Here wc put ourselves in the setting of §3, and take the Lipschitz bundle S 
to have fiber dimension k = 2m = 2. We assume S has a complex structure J, 
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pulled back as in §3 to a complex structure J° e End(£o)5 where Sq C TUq is the 
bundle spanned by d/dt\, djdti. Here XJq C R" is an open set with coordinates 
(t, z), t e z e R^-^ We assume 

(B.l) JeC"^(t/i), 

with r e (0, 1), in which case 

(B.2) J° e C""(C/o). 

We can represent J'' = J°(t, 2) as a 2 x 2 matrix valued function of (t, 2). Making 
a preliminary change of coordinates 

(B.3) {t,z)^{^A{z)t,z), 

where A{z) is a G£ ( 2, R)- valued function of the same type of regularity as J° in 
(B.2), we can arrange that 

(B.4) J"(0,z)=(j 

for all z. 

In order to implement the classical method of finding isothermal coordinates, 
we impose a family of Riemannian metric tensors on i-space, depending on z as 

a parameter, (gij{t,z)), 1 < i,i < 2. Arrange that J^{t,z) is an isometry on 
TtM.^ with respect to the induced inner product, for each (t^z). One could, for 
example, start with the standard flat metric (Sij) and average with respect to the 
Z/(4)-action generated by J°. We then obtain 

(B.5) gij e C^iUo), 

when (B.2) holds, and we can arrange that 

(B.6) gij{0,z) = 6ij. 

Let D = {t e R^ : t\ + t2 < !}• We want to find a harmonic function ui on 
D equal to ti on dD (and depending on the parameter z). Thus, with a*-^ (t, z) = 
g{t, zY/'^g^^{t, z), where {g"^^) is the inverse of the matrix {gij) and g its determinant, 
we want to solve 

(B.7) dia'\t, z)djUi = on D, ui\g^ = ti, 

where di = d/dti, i — 1,2. Without changing notation, we dilate the t-coordinates, 
and we can assume 

(B.8) a^^(0, z) = \\a'\; z) - ^''\\cr^n) < V. 
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where rj > is a, suflBciently small quantity. Let us write (B.7) as 
(B.9) {A + R,)ui = 0, ui\g^ = ti, 

where 

(B.IO) R,ui = dir'\t, z)djui, r'^{t, z) = a'^{t, z) - 

and 

dti^ dtl' 

To establish solvability of (B.9), when r] in (B.8) is small enough, note that it is 
equivalent to the following equation for v = ui — tii 

(B.ll) {A + R,)v = -R,h, v\q^ = 0, 

hence to the equation 

(B.12) (/ + GR^)v = -GR^ti, 

where G is the solution operator to the Poisson problem for A on D, with the 
Dirichlet boundary condition. Such G has the property 

(B.13) G:Cl-^{D)^C''^^{D), < r < 1; 

cf. [T], Chapter 13, (8.54)-(8.55). Hence 

(B.14) 

so if T] is small enough, the operator norm of GRg on C'^'^^{D) is < 1/2, so I + GRz 
in (B.12) is invertible on C'^'^^{D), and we have a unique solution v, satisfying 

(B.15) <^^l|r^'(-,^)llc^(^) 

< Cr]. 

We now have ui = ti+ v. The standard construction of the harmonic conjugate 
U2, satisfying 

(B.16) du2 = {J^dui, U2{0,z) = 0, 
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gives 

(B.17) 11^2 - ^2||c-+i(D) ^ 

and taking u = ui + iu2, we have a local holomorphic coordinate system on each 
leaf z — ZQ^ii T] is, small enough. 

We now want to determine how smooth z) are in 2, first in the case i = 1. 
So pick points z and z' and set w = ui{t, z) — ui{t, z'). Hence 

(B.18) Aw = -R,ui{-,z) + R,>ui{-,z'), w\g^ = 0, 

or alternatively 

(B.19) {A + R,)w = -{R,-R,>)ui{;z'), w\g^ = 0. 

An argument similar to (B.11)-(B.14) yields, for s e (0,r], 

(B.20) lkllci+«(^)<C7||r'^(-,^)-r'^(-,/)||^.(^)||«i(-,/)||^.+,(^^. 

We already have a bound on tti = ti + v from (B.15). As for the other factor on 
the right side of (B.20), we can use the elementary estimate 

(B.21) ii/iic^(^)<^ii/ii;CV)ii/iir4;)> 

valid for s e [0,r], to deduce that 

(B.22) \\ui{;z)-ui{;z')\\^,,+^^-^^<Cs\z-z'\'-', < s < r, 

given the latter alternative in hypothesis (B.l). The construction of U2 via (B.16) 
then yields 

(B.23) ||«2(-, z) - «2(-, z')\\ci+.^-^^ <Cs\z- zT% 0<s<r. 

Thus if we set 

du ■ 

(B.24) ""^^^aT' 
we have 

(B.25) \\uij{; z) - Uij{; <Cs\z- ^T"', < s < r. 
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and hence, taking respectively s = r and s = S, close to 0, we have 



(B.26) 



\u 



ij{t, Z) - Uij{t',z')\ < \Uij{t, Z) - Uij{t',z) \ + \Uij{t',z) - Uij{t',z' 



< Clt-t'r + Cs\z- z'^-^. 



If we reverse the coordinate transformation (B.3), this estimate remains valid. 

We obtain a CR function on an open set in Ui by composing u — ui + iu2 with 
the inverse of the bi-Lipschitz map G, given in (3.1): 

(B.27) u^uoG-K 

We have 

(B.28) y.ii=_oG-\ j = l,2, 

where {Yi, Y2} is the Lipschitz frame field for £ that pulls back to {d/dti, d/dt2}. 
It follows that 

(B.29) u, YjueC-^ yS>0. 

While one cannot take 5 = in (B.26), one can improve the estimate, as follows. 
First, using 

(B.30) G : H-'^'P{D) — > H^'P{D), 1< p < 00, 

an argument parallel to (B.11)-(B.14) gives, in place of (B.20), 

\\w\\m,p{D) <C\\{Rz - Rz')ui{-,z')\\h-i,p(d) 
^^'^^^ <C||r^^(-,^)-r^^(-,/)||z.oo(^)||«i(.,^')||H^-(i^)- 

Then one can exploit the following local regularity result. Suppose (jj{h) is a mod- 
ulus of continuity satisfying the Dini condition: 

(B.32) '^dh< 00. 

Jo h 

Then, with D1/2 = {t:tl+tl< 1/4}, 
(B.33) 

ll^llci(i)i/2) ^ C\\w\\hup(^d) + C\\{Rz - Rz')ui{-,z')\\c-i,^(D) 

<C\\w\\Hu.(D)+C\\{r^^i;z)-r^^i-,z'))d,u,{-,z')\\c^fj^^ 

< C\\w\\hi,p(d) + C\y'{-, z) - r*^(-, ^')llc-(D)ll«i(-' ^')\\cr+^(Dy 
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In view of (B.31), and the previous estimates on ui{-, z'), we have 
(B.34) \\u,(.,z)-u,i;z')\\c.iD,,,) < C\y^i;z)-r'^i;z')\\^^^-^y 

To estimate the right side of (B.34), we replace (B.21) by the following. Suppose 
(B.35) |/(^_^)|<C|a;-yr, \f{x)-f{y)\<CS. 

Then 

(B.36) \f{x) - f{y)\ < CariS) io{\x - y\), 

where 

(B.37) ari5)= sup 

he{o,i] 

Of course, we pick uj{h) decreasing to as /i \ more slowly than for any r > 0, 
for example, 

(B.38) a;(/i) = (log^) 

for some a > 0, so that /u){h) is on /i G (0, 1/2]. In such a case, 
(B.39) Mi) » 

We deduce that, under the hypothesis (B.l), 

\\ui{-,z) -ui{-,z')\\c^^Dy2) ^ Car{\z-z'\') 
(B.40) \z-zr 

- ^{\z-z'\r 

Hence we can supplement (B.25) with 

\z - z'Y 

\\u,,{-,z) - Uij{-,z')\\c^^D,i^) < ^^J(J^Zr^^ 
and improve (B.26) to 

\uij{t, z) - u,j (t', z') \<C\t-t'\'' + C 



1 1 r 

Z — z\ 



a;( \z - z'\ 
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This in turn leads to an improvement in the modulus of continuity in (B.29), to 



(B.41) \u{x) - u{x')\, \Yju{x) - Yju{x') \ < C- 



\x x^V 



ijj{\x — x'\) 

Next, we want to replace hypothesis (B.l) by 
(B.42) J e Lip(t/i). 

Then we replace C"^ by Lip in (B.2), (B.5), and (B.8), and we supplement (B.13) 

by 

(B.43) G : Clip) ^ Clip). 

Thus (B.14) is modified to 

(B.44) WGR^JW^,^-^ < c||r^^(.,^)||^,(^^||/||^,(-^^, 

which leads to the existence of isothermal coordinates tti,tt2, satisfying 

(B.45) \ui - ti\ci(p) - 

Analogues of (B.18)-(B.23) hold. We need to replace (B.21) by the interpolation 
inequality 

(B-46) ll/llcj(^)<^ll/llci(^)ll/llc"^(^)> 
valid for s e [0, 1], and then we get 

(B.47) \\u,{-,z)-u,{-,z')\\ci+s^-D)<Cs\z- z\'-\ < s < 1. 

Keep in mind that C^^+^(^) = C^+'(D) for < s < 1. Similarly, in place of (B.25), 
we have 

(B.48) \\uij{; z) - (•, ^')llci(D) <Cs\z- < s < 1. 

Consequently (B.26) is modified as follows. First, since elements of Cl{D) have 
a log-Lipschitz modulus of continuity, we have 

(B.49) \uij {t, z) - Uij {t', z)\<C\t-t'\ log ^ 



t-t'\ 
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for t,t' e D. On the other hand, (B.34) still applies, and we can take r = 1 in 
(B.37) to obtain 

(B.50) \\uij{-, z) - Uij{-, z')\\co(D,/^) <Cai{\z- z'\), 

where 

(B.51) sup — — . 

he{o,i] 

We thus obtain, in place of (B.40), the modulus of continuity estimate 
(B.52) \uij{t,z)-Uij{t',z')\ <C\t-t'\ log^^ + C(7i(|z-z'|), 

for t,t' e -Di/2- This in turn leads to 

(B.53) \u{x) - u{x')\, \Yju{x) - Yju{x')\ < Ca*{\x - x'\), 

where 

(B.54) a*{6) = max(ai{S),6\og^y for < 5 < 1. 

If Lo{h) is given by (B.38), we have 
(B.55) a* {6) ^6 (log-) 



In l+a 



We formally state the main conclusion of this appendix. Since the result is local, 
we may as well take 0, to be an open set in some Euclidean space. 

Proposition B.l. Let Q have a Lipschitz, Levi-flat CR-structure, with leaves tan- 
gent to £ of real dimension two. Then each p & Q has a neighborhood U on which 
there is a CR-function 

(B.56) u:U — ^ C, 

which is a holomorphic dijfeomorphism on each leaf, intersected with U , into C, 
with the following regularity. For any a > 0, and any Lipschitz section Y of 8, 

(B.57) \u{x)-u{x% \Yu{x)-Yu{x')\<Ca\x-x'\ (log-. — ^V^'', 

\ \x — x\/ 

forXjx'&U, \x — x'\<l/2. 
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Remark. Since a tool in the analysis of the Lipschitz CR-structures was an analysis 
of families of much less regular almost complex structures, it is worth mentioning 
the fundamental work of Ahlfors and Bers [AB] on the endpoint case, involving 
merely L°° almost complex structures. See also [A] and [D] for treatments; the 
latter article also discusses dependence on parameters. In such a case the 
regularity collapses to Holder continuity, and it does not seem that techniques used 
there lead to an improvement of Proposition B.l. 
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